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1. INTRODUCTION 
The dock problem is a very interesting problem in the field of fluid 
mechanics. It is also of significance as an example of a problem in the 
classical potential theory with different linear boundary conditions on 
different parts of the boundary. The two-dimensional dock problem of 
infinite depth was first studied by Friedrichs and Lewy [ l]. It is formulated 
in complex variables and solved by using a method related to the Laplace 
transformation. The three-dimensional dock problem of finite depth was first 
solved by Heins [2] with the aid of Wiener-Hopf technique. For physical 
background of the dock problem and further references, we cite the book by 
Stoker [ 3 ]. 
The uniqueness of solutions for the dock problem, two- or three- 
dimensional, finite or infinite depth, has not explicitly been mentioned in the 
literature. In this paper we shall prove uniqueness theorems for three- 
dimensional dock of finite and infinite depth. The two-dimensional case is 
indicated. Conditions at infinity used in our proof are much weaker than 
those used by previous researchers. Applying one version of the Phragmen- 
Lindelof (PL) principle ]4], Wen first proved uniqueness theorem for water 
waves of infinite depth [5], and the authors have recently established 
uniqueness theorems for water of uniform ‘depth, for cliff problems and for 
waves on uniform sloping beaches [ 61. Our proofs here will be based on 
another version of the PL principle [4] (we wish to point out that the version 
of the PL principle used in [6] is not applicable here). It should be noted 
that since all the boundary-value problems involved are homogeneous, by a 
unique solution we mean a non-trivial solution within a constant multiplying 
factor. 
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2. FINITE DEPTH 
We choose a Cartesian coordinate system xyz such that the bottom of the 
channel is the plane y = 0, the edge of the dock is parallel to the z-axis and 
the dock is the set of all points of the form (x, a, z), where x < 0, a > 0, and 
z arbitrary. If we assume that the velocity potential @ has the form 
@(x, y, z, t) = 4(x, y) ei(kz+c’), 
where k and c are constants, then the associated boundary-value problem is 
121 
v:x, Y, - k2@ = 0, in D, = {(x, y): -co <x < w,O < y < a) 
dy=O, - a,<x<w,y=o 
9, = 0, x<o,y=u 
4, = I44 x > 0, y = a, 
(2.1) 
p = c”/g > 0. 
We will further assume that 4 has a logarithmic singularity at the edge of 
the dock and that 4 satisfies a growth condition. Specifically, we will assume 
that 
4(x, y) = O{ln(x’ + (y-a)‘)“‘) (2.1.1) 
in the neighborhood of x = 0, y = a, and 
4(x, y) = O(eyfix) as IxI-+co. (2.1.2) 
It is to be noted that in order to obtain a travelling wave solution it is 
necessary to assume a logarithmic singularity (2.1.1) at the edge of the dock 
131, also, for x large and negative 4 is assumed to be an exponentially 
decreasing function, and for x large and positive 4 has a wave-like form [2] 
as (2.1.2). 
However, we will prove uniqueness under a condition which is much 
weaker than (2.1.2). We will suppose that 
+4(x, y) = O(e(zax)‘a) as (xl-+ co, 0 < (r < f. (2.1.3) 
Let l= -exsla cos( p/u) - 1, 7 = -exnia sin( y7r/a). 
Under this transformation D, transforms into the region D, where 
D = ((6 rl): --a < t < co, v < 01, 
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and (2.1) becomes 
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“CO &- ’ rl=O,~<Oand~#--1 (2.2) 
Also (2.1.1) and (2.1.3) transform to 
4 = W-K r>> for I(& r)l < 1, (2.2.1) 
wheref(r, q) is the transformed version of ln(x2 + (y - u)*)“~, and 
4 = %PTiPa~ as ~*+~*+co,O<a<f. (2.2.2) 
Now let r = y cos 0, r] = -y sin 0, the angle 19 is measured from the positive 
<-axis and increased in the clockwise sense. Then (2.2), (2.2.1), and (2.2.2) 
become 
9 (1 + 2y cos 6’ + y’) V&,,$ - k*# = 0, y>o,o<e<n 
a# 0 = 3 8=q y> Oexcept y= 1 
(2.3) 
I# = O(f(y cos 8, -y sin e)), for y < 1 
4 = O(Y% as y-+co,O<a<~. 
Let 4, and 9, be any two solutions of (2.3) and let # = 4, - 4*. Then we 
have 
; (1 + 2y cos 8 f y’) V&&J - k*g = 0, y>0,0<8<7r 
34 
z = 0, B=x,y>Oandy# 1 
(2.4) 
4=0, for y< 1 
4 = WY”), as y+co,O<a<f. 
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2Paw 
m=rr(l+y)’ (2.5) 
where p is the positive root of 
Note that for y > 0 p is a function of y. 
Let 
If we define an elliptic operator L by 
L=V*+(z-8)m’tanhm 
where 
(here m’ and m” denote, respectively, dm/dy and d*m/dy*) and if we let 
L,=L- 
k2a2 
n’( 1 + 2y cos 8 + y’)’ 
then (2.4) becomes 
L,w=O, o<e<n,y>o 
We = 0, 0ne=O,y>o 
we = 0, onti=z,y>Oandy# 1 
v= 0, for y 4 1 
v = W”), asy+co,O<cr<+. 
(2.6) 
We now apply the PL principle as stated in Theorem 20, page 105 of 
Protter and Weinberger [4]. (The theorem is quoted in the appendix and a 
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typing error there is corrected.) In the notation 
theorem we choose 
D,={(y,0):0<0<n,O<y<n} (n = 
241 
of the above-mentioned 
1, 2, 3,...) 
W, = 1 +lni’* tan-’ 
[ 
2n112 . y”* sin(8/2) sech m (iz - 19) 
71 n-y I 2 
(0 ,< y < n, n = 1,2, 3...) 
r,={(Y,~):Y>O,Yf l)u{(y,o):y~o} 
r, = 0, the empty set. 
Then 
rn= ~(Y~o):lYlGn~ (n = 1, 2, 3,...) 
r; = {(n, 0): 0 < 8 < n) (n = 1, 2, 3 ,... ). 
It is clear that W, > 0 on D, U aD,, and routine computations will show 
that 
L,W,<O in D, 
and 
!%>o 
a0 ' 0n r,nr,. 
Furthermore, since 
sin(t9/2) 
if we choose 
W(y, 19) = 2 + G y’12 sin(0/2) 
then W, < W for large n. Thus we have verified all the hypotheses of the PL 
principle except the growth condition. Note that on r; we have W,, = 
(1 tn’/* ) sech m((n - 8)/2). Hence 
(2.7) 
But 4 = O(y*) as y+ co, 0 < a < 4, and hence (2.7) implies that 
lim inf supM < 0 
n c 1 l-b w, -. ’ 
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Thus t,u satisfies all the hypotheses of the PL principle and so we conclude 
that 
V<O in D 
and hence 
4<0 in D. 
Repeating the above argument with -Q in place of 4 we coclude that 4 > 0 in 
D and hence 1+4 = 0 in D. This proves uniqueness. 
3. INFINITE DEPTH 
We choose an xyz Cartesian coordinate system so that the positive y-axis 
is the upward vertical and the dock consists of all points of the form (x, 0, z), 
where x < 0 and z is any real number. The differential equation along with 
the boundary conditions is as follows: 
V ‘4 - k2# = 0, in D = ((x, y): --co < x < co, y < 0) 
4y = 0, for x < 0, y = 0 (3.1) 
4y = PA for x > 0, y = 0, 
where /3 is some positive constant. 
As in the finite depth case we will assume a logarithmic singularity at 
(0,O) and that 4 - 0(e yt iX) as (xl -+ co. We will prove uniqueness under the 
weaker assumption that # - O((d~3)~) as x2 + y2 -+ co, 0 < a < i. 
If #i and 4, are any two solutions of the above boundary-value problem 
and if we let I$ = 4, - 4,) then on using polar coordinates x = y cos 0, 
y = -y sin e we get 
V:,,,# - k2# = 0, for y > 0,O < e < 71 
40 = 0, one=z,y>O 
one=o,y>o 
4 = 0, fory< 1 
4 - O(Y) as r+oO,O<a<+. 
Instead of (2.5) we choose m as follows: 
m = ~PPY (Y > 0) 
where p is the positive root of p tanh(pj?yn) = 1. 
(3.2) 
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If we now define w as in Section 2 above, it turns out that II/ satisfies the 
same set of equations as in (2.6). So on repeating the procedure of the 
previous section we can conclude that v = 0 in D and hence the uniqueness 
of the solution of (3.1). 
Remark. The boundary-value problem in the case of a two-dimensional 
dock is 111 
v:&y,# = 03 for -co<x<aby<o 
4y = 0, for x < 0, y = 0 
#y = Ph for x > 0, y = 0 
where /3 is a positive constant. Further it is assumed that Q has a logarithmic 
singularity at (0,O) and that 4 - O(eY+ ‘I) as lx I+ co. But the situation is 
very similar to the three-dimensional case (see (3.1) above) except that the 
situation is simpler because now k = 0. Hence proceeding as in the three- 
dimensional case we can conclude uniqueness of solution for the two- 
dimensional dock problem. 
4. APPENDIX: PHRAGMEN-LINDEL~F PRINCIPLE 
Let D c R” be a domain, L a uniformly elliptic second-order operator 
defined on D, and h a function on D which may be positive. Let l-c 3D. 
Suppose (D,} is an increasing sequence of bounded domains such that 
(i) D, c D, n = 1, 2, 3 ,... 
(ii) For each x E D there is an integer N such that x E D,. 
Further assume that on each D, there is a function W, satisfying 
W,(x) > 0 for each x E D, U aD, 
(L +h)(W,,)<O in D, 
and that there is a function W defined on D with the property that at each 
x E D the inequality 
W,(x) G W(x) 
holds for all n above a certain integer N(x). Let 
aD,=l-,,ur:,, where r, c r, and I-:, c D 
r=r,ur, with r,, r, disjoint. 
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Suppose u satisfies 
CL + h)(u) > 0 in D 
(Here c%/&, ~W,/C% denote the outward normal derivatives of u and W,,, 
respectively.) Then u < 0 in D. 
(Remark: Theorem 20, page 105 of [4] has a typographical error. It states 
aWJav+aW,<O on r,nr,. It should read c~W,,C% + a W, > 0 on 
r,nr, 171.1 
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